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le-dimensional Galerkin methods and superconvergence at interior m

»ints *)

[. Bakker

3STRACT

In the case of one-dimensional Galerkin methods the phenomenon
nvergence at the knots is already known for years [5,7]. In this
inor kind of superconvergence at specific points inside the segmen
artition is discussed for two classes of Galerkin methods: the Rit
athod for 2m-th order self-adjoint boundary problems and the collo
esthod for arbitrary m—th order boundary problems. These interior p
he zeros of the Jacobi polynomial Pﬁ’m(c) shifted to the segments
artition; n = k+1 - 2m, where k is the degree of the finite element
he order of convergence at these points is k+2, one order better t
ptimal order of convergence. Also, it can be proved that the deriv

. . . . +
he finite element solution is superconvergent of o(hk 1) at the ze
m—-1,m-1
n+l

his is one order better than the optimal order of convergence for

he Jacobi polynomial P (0) shifted to the segments of the pa

ative.

EY WORDS & PHRASES: Galerkin methods, collocation methods, finite .

method, superconvergence, Jacobi polynomials
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|. INTRODUCTION

We consider the two-point boundary problem

-y + @y = £(x), x e [-
(1.1)
y(£1) = 0,

vhere p(x) > 0, q(x) 2 0 and f(x) are sufficient

A= {-1 = XG <X <. <X = 1};
(1.2) xj =-1+hj; j=0,...,N;5 h=2/N;

I. =1[x. .,x.1, j=1,...,N
j =173 ] ’
. . . Mg,o
be a uniform partion of I and define 0 (8) by
(1.3) 0wy = (v vecdm; ve P (L),

where for any interval E, Pr(E) denotes the spac
k restricted to E. Then the finite element appro

is determined by
(1.4) (PY', V") + (q¥,V) = (£,V), V e Mg’O(A

where (,) denotes the L2(I) inner product. It ha

properties [7]

nEH =Gy g

ly-vl, < ¢, £ =0,1;

L k+1?

(1.5)

2k .
I(Y"Y)(Xj)l < C2h “y"k+1’ j=1,..

where C] and C2 are positive constants and where

L . . 1
i, =L ] @v,0'w1%,  £= 0
(1.6) 30
_ dv

plv = j =20.
dxJ

= I;
oth. L

»N3 = 0}
olynom f degr
onY € A) of
follow nverge




so, it is known [3] that for specific points inside Ij’ Y has the error

und

|60 55| = Cn™
.7)
E.p =%, ¥ E-(1+cr Y, L£=1,...,k-1; j =1,...,N,
j -1 2 £
ere O ,...50; are the zeros of Pi(c), Pk(o) the k-th degree Legendre
lynomial. This is one order better than the optimal error bound which is
O(hk+1).
It is this phenomenon of so-called Zntertor superconvergence on which
» will concentrate our attention. In the next two sections, we will treat
0 classes of finite element methods where this occurs: the Ritz-Galerkin
d the collocation method [8]. Also, we will use that superconvergence to
ve a new proof of the superconvergence of the derivative at other Gaussian
vints [6].
Before that, we give some definitions we need throughout this paper.

For any E ¢ I and m > 0, we define

m 1
vl =[] (DKV,D'KV) , 1%
H (E) £2=0 L7 (E)
T2
vl = J lIpvl ;
Wo(E)  £=0 L (E)

[.8)

W' (E)

{v | v e 1°@®), £ =0,...,m};

1" (E)

tv|otv e 2@, £ =0,...,m}.

lso, we define the A-related norms

Nl—

N m
'2 2 (DKV,DZV) 9 1%,

Hvﬂm A= [
1.9) > j=1 £=0 L (Ij)
Il = max Il
Wh(A)  j=1,...,N Wm(Ij)'

inally, throughout this paper, C, C,, etc. will be positive constants, not

he same at each occurrence.




2. THE RITZ-GALERKIN METHOD

Consider the 2m-th order two-point boundary problem

m
Lu = Z (—l)ﬂDz[pz(x)DKu] = f(x), x e I;
(2.1) £=0

Dzu(il) = 0, £=20,...,m1,

where Pgs+ 2P and f are sufficiently smooth in x. We assum

exists some C > 0 with the property

\

2 m
B(v,v) = CHva; vV e HO(I);

m
2 (pZDKU,DKV); u,v € Hg(I);
£=0

(2.2) B(u,v)

Hg(l) = {vl v e Hm(I); Dev(il) =0,2=0,...,m1

in other words, B(,) is strongly coercive.
For some partition A of I defined by (1.2) and some int

we define the finite element space
k,m _ m . . _
(2.3) My’ (b)) = {(V|ve Hy(D); V e Pk(Ij), j=1,...,N}

Ksm )

The solution u of (2.1) can be approximated in M0

U of the weak Galerkin form
(2.4) B(U,V) = (£,V), Ve M%’m(A).
The error function e = u-U has the bounds [2,4]

lel, < Chk+]_£ﬂuﬂk+l, £=0,...,m

(2.5) lDze(xj)l < Chzrlluﬂk+ £=0,...,m1; j =1,..

1’

r=%k+1-m.

ion




What we want to prove is the fact that Znside each segment I. there
¢ist n = k+1 - 2m distinct and specific points where |e(x)| is of O(hk+2),
1e order better than the optimal order of convergence. This is, of course,
1ly true, if n > 1 or k > 2m. These points are shoﬁn to be the zeros of the

acobi polynomial Pﬁ’m(a), which will be introduced in the next section.

.1. The Jacobi polynomial

The Jacobi polynomial Pg’s(c) is defined by Rodrigues' formula [1] as

2% f(0) = [w(@ 1 (1)@ 1aP, 0> 0
2.6)
o B
w(o) = (1-0) (1+0) a,B > -1
a,B . . . o,B
here A.n is some normalizing factor, e.g. such that Pn (1) =1 or

g’g(l) = (1+0) (1 +%) ... (1 +%)' I;t has the important property

o,B

a,B ..
i QP]‘.’ )’ 0 S 1’J’

a,B L0sBy _
2.7) (wPi ,Pj ) = dij(wP
here Gij is the Kronecker symbol.
From now on, we are only interested in the case that a = B = m, where
. is some nonnegative integer. In that case, we replace the double super-

cript m,m by the single superscript m.

EMMA 1. Let the linear interpolation I: Cm_l(I) > Pn+2m_1(1) be determined

Y "

Dﬂ(Hf)(il) = sz(il), £ =0,...,m1
'2.8)

(Hf)(o?n) = f(o‘fn), i=1,...,n

+
ind let the integral f_i f(0)do be approximated by the quadrature formula
1 1
2.9) J f(o)do = J (If) (o) do
-1 -1

'hen (2.9) 1is exact if f € P2r—1(1)’ with r = m+n.




>ROOF. From (2.8), it follows that there exists a function g(o) such that
2.10)  £(0) - (D) () = (10" (0)g(0).

from (2.7), we know that

@D (0D, =0, if ge B _ (D,

which completes the proof. [J

Elaboration of (2.10) gives the formula

i m-1 £ £ S m
(2.12) J (1f) (o)do = ZZO [6p D7E(-1) + 0, DE(+1)] + KZ wpf (o, )5
-1 = =1
with
T (1-69)™ P"(0)
w, = 0.(o)do; 9.(0) = :
. * (o=03 )L (1= L8 (0) ] Cm
0=0.
in
+1
8,. = J v .(c)do; ¥,. € P (I);
2.13) 2i J, 2i Li k
m = —
Wﬂi(ojn) =0; £=0,...,m=1; 1 =1,2;

A
N
-
o
IA
()
-
0
IA
=
[

s 1z g _ . . .
D wﬂi(( IDRD) aijsﬂs’ 1 €1,]

The approximation error of (2.9) is RmnDzrf(E), where R.mn depends on m and
n only and where £ lies inside I.
In the next section, we will use (2.9) - (2.12) to establish super-

convergence of 0(hk+2) at the Jacobi points.

2.2. Superconvergence at Jacobi points

We return to problem (2.1) and its Ritz—Galerkin solution (2.4). It is
standard that




' 14) B(e,V) =0, Ve MlS’m(A).

)r k 2 2m, we define for any Ij the n-dimensional subspace SO(Ij) of

;’mm) by

2.15) Sp(Ty) = (v | v e H‘(‘)‘(I) n P ()5 supp(V) = I.3.

T SO(Ij), a basis can be constructed, consisting of the Lagrangian poly-

>mials ¢i(x) defined by
2.16) ¢i(x) = @i(l-FZ(x—xj)/h), i=1,...,n,

1ere @i is defined by (2.13).
If we apply (2.14) to ¢i, we obtain after partial integration

m £-1

X.
a7y Els) = 11 LEDYTE T e n (o, Gon 0d1 )
251 o -1
i=1,...,n.

w

now define the interior nodal points Ejﬂ by
2.18) E.p = X ‘+l‘-(1+cm) £=1,...,n
-t ik j-1 -2 £n’? ? >

lere G?n is the £-th zero of Pg(o),.as defined in §2.1.

Application of (2.12) to (2.17) gives

n

h -_—
7}&21 wpe (E;p)Lo; (Ep) = (e,L03)
m—1
N ’e /e, h £+] 2]:' 2-r+1
2.19) -}&EO (0,0 e(x;_)*0,,Dle(x )16 +R [D (eL¢i)jx=£elj ,
i=1,...,n.

here Rpn depends on m and n only. If we multiply both sides of (2.19) by

h2m—1 and apply formula (2.5), we have




m—1

n 7m 'e
IKZIEMKL¢1(£j£)h JE(EjK)‘ < C X ([D E(x 1)’*‘1D e(xj)l)

m U2, 0 k42
. # C,h™™ § no(IDe(x,_ )| + |De(x.)|) +Ch™ “leLs.l
2 220 j-1 3 3 i er(Ij)

2r k+2 k+2
< Clh “u“k+l + Cz(u)h < C(uwh .

> other hand, if we apply quadrature rule (2.9) to the inner product

) ™1 0p,10,) = 207 B (8556,) 5

ad that

2m—1 2m
IZh B(¢i’¢£) -h m£L¢i(€j£)|

) < 2k+2ﬂ¢KL¢ I, < ch?,

means that (hzmm£L¢i(Ej£)) is an O(hz) perturbation of a positive
ite matrix whose entries are of 0(1). From this, it easily follows

the entries of (w£L¢i(£j£)h2m)_l are of 0(1). This completes the proof

EM 1. Let u ¢ H (I) n H (I) n W Y(a) be the solution of (2.1) and let
S’m(A) be the soZutﬁon of (2.4). Then e = u-U has the bounds (2.5) and
dditional bound

) le(eyp)| < cah’*2, 5= 1,...N; L=1,...,n,

Ejﬂ 18 defined by (2.18) [

We can use the local convergence properties (2.5) and (2.23) to esta-
superconvergence properties of De at interior points of I.. To that

L BR* 0 8 (@ > MS™(0) by

we define the projection I

(HAu)(ng) = u(EjK); j = 1,...,N3 L= l,...,03

DK(HAu)(xj) = Dzu(xj), j=1,...,N-1; £ = 0,...,m-1.




hen on any Ij, u-HAu has the representation

u@ - (L) () = hkﬂ(l-—cz)mP:(c)Ej (x
2.25)

2 - -
o = E(X'Xj); Xj = %(Xj +x.);

-1 j

here Ej(x) and Ej(x) have bounds depending on j This property can

roved by expanding u and II,u as Taylor series ar

A j’
Differentiating (2.25), we obtain

_ L k+1_, _2 m, . d _ 2 m

2.26) D(u-1M,u) () = b E} ) (1o )Rl (0) + x) 35 (1-07)"P (o)
rom [1], we know that

m d _m-l

Pn(o) - Amn do n+](0)’
2.27)

d 2.m d _m-1 _ 2.m-1

7 [(1-09) HE-Pn+1(0)] = an(l o) ),
here Amn and an depend on m and n only. From (2 nd (2.27) we can c
lude that

k+1 .

ID(u-—HAu)(x)] =0(h ), if x = an

2.28)
_ h m-1 .
an = Xj—l + 7(1-+o£n+1), i=1l,..., l1,...,n+l
Consider now UW—HAu. From (2.5), (2.23) and , we can conclude
1at
2.29)  MU-mul < cn
L (D

rom (2.26) — (2.27), one easily proves
iEOREM 2. Let the conditions of Theorem 1 holds. e(x) has the addi-

tonal bound




) Ipetnpl < e,

nip is defined by (2.28). This is one order better than the optimal

of convergence for e'(x). [

Quadrature rules

Without giving proofs, we state that all the local convergence proper-
from the Theorems 1 and 2 are preserved whenever (,) is replaced by

approximating quadrature (,)h which is of O(hq), q = 2r, i.e.
| (0,8) = (a,8), | < C(a,B)h?, q = 2r.

les are the extended r-point Gauss-Legendre rule or the extended (r+1)-

Lobatto rule.
LLOCATION METHODS

We consider the m—th order boundary problem

m—-1 .

Lu(x) = D"u(x) + ] p,(®)Du(x) = £(x), xeIL;
i=0

Bz[u] =0, 4£=1,...,m,

P Pgree e sPp g and f are sufficiently smooth functions and where Bl""
;m are continuous linear functionals over Cm—](I). We note that the
:ions PgseeoP and f and the operator L are not the same as in the
.ous chapter. We assume that (3.1) has a unique solution and that 8],...
;m are linearly independent over Pm?](I) = ker(Dm).

Let A be a partition of I defined by (1.2). Then, for k 2 2m-1, we

le the finite element space Sg’m(A) by

k,m m-1 .
So” (8 vlvecy (D; Ve P (1), 3 = 1,...,N};

Cg_l(l) ={v|ve Cm—l(I); Bplvl = 0, £L=1,...,m}.




1e collocation solution U ¢ Sg’m(A) of (3.1) is defined as follows.

For r = k+1-m, we define the collocation points Z:p by
h 0 .
3.3) zjﬂ = i + 7(1-+0£r), j=1,...,N; £ =1,...,r,

lere {ogr} are the zeros of the r-th degree Legendre polynomial PS(O). Then

is determined by the linear system
3.4) LU(sz) = f(zjﬂ)’ j=1l,...,N; £ =1,...,r.
1e error function e = u -U has the bounds [5]

lel , < ch¥ 1~ %ul

2 K1? £ =0,...,m;

3.5)
IDKe(xj)l < C(u)hzr, £ =0,...,m1; j =0,...,N.

In order to establish superconvergence at interior points of I, [8], we

:call the n-dimensional subspace SO(Ij) of Sg’m(A) defined by (2.15). For

1,

i

1wy Ve SO(Ij)’ we have, if we put pm(x)
m £-1 X.
-1
3.6) (e,LTLv) = (Te,zv) + 7V Vot eDv(pKLV)]XJ ,
,e:l \)=0 j_l
1ere the operator LT is defined by
m
T £ L
3.7) L'v = z (-1 D (pzy)
£=0

f we apply the quadrature rule (2.9) to the left hand side of (3.6), we

ve
h o T
E‘ZZ] “Ke(gjﬁ)L LV(gjz)
m-1
L, T £, T h Z+1
3.8) + !,Zo [6,,D (el LV) (xj_l) *+ 8p,D (eL'LY) (xj)](f)

2r+1D2r

_ T T
= (e,LLV) + Rmnh (el LV)(Ete),
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R.Inn depends on m and n only.
f we apply the r-point Gauss-Legendre rule to the first term of the
hand side of (3.6), we obtain

T

h 0
5 Kzl Aﬂr Le(zjK)LV(ZjZ) =

(Le,Lv) + 5 h°T"! 2r(LeLv)(aeI ).

Smn depends on m and n only. In virtue of (3.4), the left hand side of
is identically zero. If we combine (3.7) - (3.9) and apply it for
1igrangian basis functions ¢i of SO(Ij) as defined by (2.15), we get

multuiplication by 2h2m_]

| g LTL¢ ¢a )h2m .l <¢ mi (lD ( |+'|D£ (x.)1) +
= (L)'e i _]/e e J/@ = 1 ex er
m—-1 hz
+h 220 [eKID (Lt Lo, )(x P ezzD (eL L¢i)(xj)3(59 [+

+Ch W25+ 20 o, TLg) ,.  +lLeL,] ] < c(u)h**?,
Yw (1) Yw r(Ij)

i=1,...,n.

to (2.22), we can prove that

uw

~—

gL L (5, 0™ = 20" (L, Lep) | < cn

means that, for sufficiently small h, the matrlx (w L L¢ (g. K)) is an
perturbation of the positive definite matrix (2h (L¢ L¢£), whose

salues and entries are of 0(1). This implies that the entries of

qui(gjz)hzm)'1 are of 0(1).

EM 3. Let u ¢ C (I) n W (A) be the solution of (3.1) and let
(A) be the solutzon of (3.4). Then e(x) = u(x) - U(x) has the bounds
pZus the bounds

leE )| < C)h*?, = 1,...,N £ =1,...,n;

k+1 .
IDe(an)[ <C(wh ', j=1,...,N £ =1,...,n+1,
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here EjZ and nig are given by (2.19) and (2.28), respectively.

ROOF. The first part of (3.12) was already established by (3.9) - (3.11).

he second part is proved analog to Theorem 2. [J

EMARK. RUSSELL and CHRISTIANSEN [8] also gave a proof of (3.12); they proved
n another way that the first bound of (3.12) occurs at the interior of the

olynomial

mrlPO,O
r

= I N}

g
3.13) J (t-0) (t)dt, o =

1

(x—xj_l)— 1

hich can be shown to be equal to (]—oz)mP:’m(o) up to a constant factor.
he proof of this equality can be given by using formula (2.6) with a=8=0

nd elaborating the integral (3.13) which gives the desired result.
. CONCLUSIONS

In this paper, it was proved for two classes of Galerkin methods that
uperconvergence also occurs outside the knots of the partition, albeit in
more modest form. Its existence can easily be proved for other classes of
roblems which are solved by the Ritz-Galerkin or the collocation method.
xamples are nonlinear two-point boundary problems and parabolic equations
n one space variable [4].

The interior superconvergence is especially important if the finite
lement space is of degree 2m, because the order of convergence at ;j is

hen the same as at xj.
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